Abstract. Let D be a non-pseudoconvex open set in C 3 and S be the union of all two-dimensional planes with non-empty and nonpseudoconvex intersection with D. Sufficient conditions are given for C 3 \ S to belong to a complex line. Moreover, in the C 2 -smooth case, it is shown that S = C n .
It is well known (see [2] , [3] ) that a open set D ⊂ C n is pseudoconvex if and only if D ∩ P is pseudoconvex (or empty) for every two-dimensional plane P ⊂ C n . Hence, pseudoconvexity is, in fact, a two-dimensional phenomenon. Let us denote by S = S(D) the set of all points a ∈ C n such that there exists such a two-dimensional plane P , a ∈ P , such that P ∩ D is non-pseudoconvex. Points which do not belong to S are called exceptional points for D. In [4] the following results are shown:
(1) if D ⊂ C n , n ≥ 3, is not pseudoconvex, then all exceptional points belong to one complex hyperplane; (2) if D is C 2 -smooth and non-pseudoconvex near a boundary point, then all exceptional points belong to a three-codimensional plane; (3) there is an unbounded domain in C 3 with real-analytic boundary except one point, the origin, which has exactly one exceptional point, namely the origin; (4) 
we see that the restriction of the Hessian (resp. the Levi form) of r(z) = |z 3 | 2 −|z 1 | 2 −|z 2 | 2 to the complex tangent hyperplane T p at any non-zero p with r(p) = 0 has eigenvalues 0, 0, −1, −1 (resp. 0 and −1). Moreover, if l p denotes the complex line through 0 and p, then T p \ l p ⊂ D and l p ⊂ ∂D.
So, it is natural to study the Hessian as in the C-convex case because here we play with intersections with complex lines.
The following proposition will play a key role in the next considerations.
Proof. Let a ∈ C 3 . If a 3 = 0, then the intersection of D with the complex hyperplane through the point 0, a, and (0, 1, 0) is non-pseudoconvex; use that Levi form of G at 0 is negative and apply the Kontinuitätsatz. Hence S ⊃ {z ∈ C 3 : z 3 = 0}. Fix a S ∋ a = (a 1 , a 2 , 0) = 0 and put l = Ca. It will be enough to show that
Thus we may find a positive ε
For an arbitrary non-pseudoconvex set D in C 3 , after an affine change of coordinates, we may assume the same but with an extra summand c(Im z 2 ) 2 , c < 2 (cf. [4] ). So, after a quadratic polynomial automorphism of C 3 , we have the original domain G locally inscribed in D.
where
Take now a point z 0 = (z It is easy to check that there is η < ε ′ /2 such that for any p = 0, |p| < η, with arg p = arg
and q = p
we have s ′ > 0 and (z
Fix such a pair (p, q) and let P = P (p, q) be the corresponding plane. Observe that z 0 ∈ P . Then
as it is known from the study of Reinhardt domains. Since D ∩ P is pseudoconvex (because a ∈ S), it follows that z 0 ∈ H ⊂ D ∩ P which proves (1) .
It remains to show that l ⊂ D near 0. We know thatD
2 ∋ λa, then for any sufficiently small t > 0 we have that λa + t(−a 2 , a 1 ) ∈ D 2 \ l, where a = (a 1 , a 2 ). Obviously, we may assume that |a 2 | ≤ |a 1 | (otherwise interchange the coordinates). Now suppose that G = D 2 \ l. Then there exists a point λ 0 a ∈ G and so we have that
With r ր 1 we finally get a holomorphic extension of f to the whole bidisc; a contradiction.
We like to mention that the claim before remains true for any complex (not necessarily passing through the origin) line intersecting the bidisc (with a similar proof).
Next we state the first main result.
Theorem 2. Let D be an open set in C 3 and p one of its boundary points. Assume that D has a C 1 -defining function r near p (i.e. its gradient at p is non-zero) which is twice differentiable at p and that the Hessian of r at p restricted on the complex tangent hyperplane T p at p has two negative eigenvalues and one non-positive eigenvalue.
If S = C 3 , then there exists a complex line l through p such that
3 through p and b such that the intersection D∩P b is non-pseudoconvex (so p ∈ S). On the other hand, this fails to be true if b ∈ l and b = p.
In particular, the Hessian (and hence the Levi form) at p vanishes along l; therefore, the Hessian (resp. the Levi form) at p restricted to T p has two (resp. one) negative and two (resp. one) zero eigenvalues.
Before presenting the proof we like to mention that the used conditions for the eigenvalues are optimal. Indeed, there are pseudoconvex examples with one negative and two zero eigenvalues, as well as with two negative eigenvalues; for example,
Proof. We may assume that p = 0 and T 0 = {z ∈ C 3 : z 3 = 0}. Take a point a ∈ C 3 . If a 3 = 0, then the beginning of the proof of Proposition 1 provides a respective complex hyperplane through a (and even through 0) (because the Levi form at 0 has a negative eigenvalue; see the arguments below). Let a 3 = 0. Let v 1 , v 2 , v 3 , v 4 be the (orthonormal) eigenvectors of respective matrix to the restriction H of the Hessian at 0 on z 3 = 0 which correspond to the eigenvalues
We may assume that s is the z 1 -line. If H is negative on s, then we may use Proposition 1 (we have the respective inscribed model G). Otherwise, λ 3 = 0 and, after a rotation in s, we may assume that span(v 3 ) = Im z 1 , i.e. H = H(z 1 , z 2 ) does not depend on Im z 1 . We shall show that S = C 3 . After a rotation in the z 2 -line, we may assume that L contains the Im z 2 -axis. Then H(Re z 1 , Im
So, for any ε > 0 there is a bidisc D 2 δ such that
After a dilation of coordinates, we may find c > 0 such that for any
The following lemma shows that D 3 is non-pseudoconvex which completes the proof. Proof. Note that, decreasing c and increasing ε, we shrink G. So, we may assume that either 0 < ε < c < 1 or 1 < ε < c. Let first 0 < ε < c < 1. Choose 1 < p < q such that ε = p−1 p+1
. Moreover, let Φ : C 2 → C 2 be the following biholomorphic
So, we may suppose that
where η is suitably chosen. Put S t = {w ∈ D Note that Proposition 1 also implies the following Proposition 4. Let D and r be as in Theorem 2 and assume that the restriction of the Hessian of r at p on a complex line in T p has two negative eigenvalues. Then the same conclusions hold as in Theorem 2.
Indeed, we may assume that p = 0 and the Hessian is negative on the z 2 -line. Then, after a dilation of coordinates, we have the inscribed model G as in Proposition 1.
Finally, we have the following result.
Proposition 5. Let D, r and T p be as in Theorem 2. Assume that the Levi form of r at p restricted on T p has two negative eigenvalues. Then S = C 3 . Moreover, for any point a ∈ C 3 there exists a two-dimensional plane P ⊂ C 3 containing p and a, such that the intersection D ∩ P is non-pseudoconvex for every two-dimensional plane P ⊂ C n , Proof. We may assume that p = 0 and T 0 = {z ∈ C 3 : z 3 = 0}. If a ∈ T 0 , then a ∈ S (as before). To see that a ∈ S if a ∈ T 0 , it suffices to show that
where L denotes the Levi form ofr at 0, c ∈ {0, 1}, and q is a (holomorphic) homogenous polynomial of order 2. The case c = 0 follows immediately by Hartog's theorem. So let c = 1. Then there exist ε ∈ (0, η) and
ε : q(z) = t}. Then there exist a sequence (a j ) with a j → 0 such that t j := q(a j ) = Re q(a j ) < 0 and A t j is an analytic hypersurface (use that q is an open mapping). Put S j := A t j and T j := A t j ∩ ∂D Suppose now that there exists a point a ∈ C n such that for every two-dimensional plane P passing through a the intersection P ∩ D is either empty or pseudoconvex, i.e. a is an exceptional point for D. We may assume that a = 0 (use translation). Now, take an arbitrary point b ∈ ∂ g D, b = 0, such that there exists at least one complex tangent vector
Denote by s(z) = s r (z), z ∈ ∂ g D, the smallest eigenvalue of the Levi form of r, restricted to the complex tangent hyperplane T C z (∂D), and put 
So we have 0 = c =: t b b ∈ ∂ g D and s(c) = s(b)/t 0 . Since r(tc) = 0 for t belonging to some interval [1, 1 + ε) we get ∂r/∂x 1 (tc) = 0 for these t's; in particular, ∂r/∂x 1 (c) = 0.
From now we identify a complex point z = (x 1 +iy 1 , . . . , x n +iy n ) with its real counterpart (x 1 , · · · , x 2n ) (i.e. y j = x n+j for j = 1, . . . , n). Then we may solve the equation r = 0 near c w.r.t., say the k-th coordinate (k = 1). So we have an open δ-cube Q δ with center (c 1 , 0, · · · , 0) ∈ R 2n−1 and an interval I := (−η, η) such that x ∈ (Q × I) ∩ ∂D if and only if x k = f (x),x ∈ Q. We know that f (ξ 1 ,0) = 0 as long
By assumption (recall that s(c) < 0), there is δ
such that all boundary points (x, f (x)),x ∈ V , have a Levi form whose restriction to the corresponding complex tangent hyperplane is not positive semidefinite. Therefore, their complex tangent hyperplanes pass through the origin; the same for the real tangent hyperplane means that
Using the Euler differential equation we see that
where I(x)x ⊂ V . In particular, we have for all boundary points
Take as a new defining function of D near the point c the following one: ρ(z) := x k −f (x 1 , . . . , x k−1 , x k+1 , . . . , x n , y 1 , . . . , y n ). Observe now, using homogeneity of f near (c 1 ,0), that its gradient is constant near c along the boundary of D. Call its norm by α. Then, again by homogeneity of f , we see that for τ ∈ (t 0 − η, t 0 ], 0 < η small, we have (t 0 − η, 1] ⊂ ∂D and Remark 2. (a) Let s be the function which was introduced during the proof of Theorem 6. If we replace the assumption of C 1 -smoothness by boundedness of s from below, the result remains true and the proof above becomes essential easier.
(b) The proof above also shows that the C 1 -smoothness can be replaced by the weaker condition that the convex hull of the tangent cone (in sense of Whitney) at any boundary point is of real codimension at least 1.
Using an old result from [1] we also have the following consequence.
Corollary 2. Let D ⊂ C n be a C 1 -smooth open set such that the set A of non C 2 -smooth boundary points of D has zero (2n − 2)-Hausdorff measure and it is locally contained in an analytic subset of codimension at least 1 (any discrete set has these properties). Then D has no exceptional points. 
